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ABSTRACT. This study presents a numerical investigation of the Allen—Cahn equation incor-
porating a domain-dependent free energy functional. We adopt a quartic polynomial potential
to approximate the logarithmic free energy, effectively capturing the thermodynamic character-
istics of phase separation while maintaining analytical tractability. Through three-dimensional
numerical simulations, we analyze the morphological evolution of the phase field under spa-
tially varying temperature parameters, 61. A comparative analysis of three distinct cases reveals
that a marginal difference of 0.02 in the maximum value of 6, is sufficient to induce distinctly
different final topological states, despite the simulations sharing identical initial conditions and
concentric isosurface structures. Furthermore, the study successfully reproduces the Ostwald
ripening phenomenon, validating the system’s tendency to minimize surface energy. We also
confirm the strict preservation of the order parameter’s boundedness within the physically ad-
missible interval of [—1, 1] throughout the evolution, ensuring both physical validity and numer-
ical stability. These findings highlight the significant sensitivity of microstructural formation to
domain-dependent parameters and demonstrate the robustness of the proposed numerical work.

1. INTRODUCTION

The Allen—Cahn (AC) equation, first introduced by Allen and Cahn [1], has long served as
a model for anti-phase grain boundary coarsening and for understanding the motion of inter-
faces separating two distinct phases. It describes the evolution of two components in a binary
alloy through a non-conserved Ginzburg-Landau functional, offering a simple representation
of phase separation. Because of its analytical tractability and versatility, the AC equation has
been widely adopted to model non-conservative phenomena in various disciplines, including
biology, geometry [2], fluid mechanics, and image processing [3]. Numerous extensions and
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studies of AC-type equations have since been developed [4, 5, 6, 7, 8, 9], further broadening
its impact across scientific research [10, 11, 12].

The AC equation has established itself as a fundamental framework across diverse scien-
tific and engineering disciplines [13, 14]. In materials science, owing to its thermodynamic
consistency, the equation is extensively employed within phase-field models to simulate mi-
crostructural evolution, such as solidification, thin film [15], grain growth [16, 17] and multi-
components [18, 19]. Beyond its physical origins, the equation has found significant utility in
computer vision and image processing, where it is applied to tasks such as image segmentation
and denoising by treating image intensity as a phase-field [20, 3]. These diverse applications
rely on the equation’s capability to approximate motion by mean curvature [21, 22, 23], a prop-
erty that necessitates robust numerical schemes capable of preserving physical characteristics
such as the maximum principle and energy stability [15, 24, 25].

2. DISCRETIZATION OF THE AC EQUATION
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In the AC equation, the logarithmic free-energy density is often adopted because it arises
directly from mean-field or Flory—Huggins—type theories for binary mixtures, and therefore
has a clearer thermodynamic interpretation than the classical double-well potential. Moreover,
the logarithmic potential is singular at the pure phases, which naturally constrains the order
parameter to stay within the physically admissible interval and improves the qualitative fidelity
of the phase-field equation.

Figure 1 shows the variation of the quartic double-well potential F' with respect to the tem-
perature parameter ¢, which approximates the logarithmic free energy to reflect the thermo-
dynamic characteristics of the AC equation. With Fig. 1(a) serving as the reference, Fig. 1(c)
represents the baseline case where 6, is fixed as a constant at 0.75. In contrast, Fig. 1(b)
exhibits a value with a deviation of 0.02 from the maximum, indicating the fluctuation range
of the potential curve induced by parameter changes. Finally, Fig. 1(d) presents a magnified
close-up view of the specific region to clearly distinguish the subtle morphological differences
among the potential curves shown in Fig. 1(a), (b), and (c).

Nevertheless, the logarithmic free energy can be used to capture the physical characteristics
of phase separation, in this study we adopt a quartic double-well potential that effectively re-
flects the thermodynamic features implied by the logarithmic form. This choice allows us to
retain the classical interpretation of the double-well potential while sufficiently incorporating
its physical significance. We employ a quartic polynomial free energy functional effectively
reflecting thermodynamic features [26]. The AC equation with the 4-th order polynomial po-
tential can be written as

?;f = el + % (1—61)¢— 93—1<;53 : 2.1)
In this equation, the parameter ¢;, representing the temperature 7', plays a crucial role in the
evolution.

For the numerical implementation, the AC equation (2.1) is discretized explicitly in time and
space, which enables a straightforward evaluation of the approximate solution:
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Here, we describe the discrete domain €2}, and discrete Laplacian operator. With a large N € N
and a uniform mesh grid size h = 1/N, the domain 2 = [0, 1]*> C R? is discretized by

Qp ={x;, = (G —1)h,(j —1)h,(I-1)h), 1 <i,j,l < N}.
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We denote ¢(x; j;, kAt) simply by qﬁﬁ ;1» Where At = T /n7 is a temporal step size with the
final time 7~ and the total number of temporal steps .7-. We denote by ¢* the discrete solution
at the k-th temporal step. We impose the zero Neumann boundary condition, i.e., g—ﬁ =0
on 0f), where n is the unit outward normal vector to the boundary 9€). In the discrete form,
this condition is enforced by assuming the following values for the ghost points outside the
domain. In a cell-corner grid, the discrete normal derivative at the boundary is approximated
using a centered finite difference that involves one interior point and one ghost point. For
example, on the left boundary, the discrete derivative in the x-direction is

k k
P40~ Yo _
I

that discrete derivative becomes zero for all £ > 0. The same symmetric reflection is used for
all boundaries:

0,

®0,51 = D151 ON+1,j0 = PN jl»
®i00 = Qi1 GiN+1,1 = Pi,N 1,
$i,j,0 = Gij,1, Gij,N+1 = Pij,N

for 1 <i,4,1 < N. These conditions ensure that the discrete derivatives across the boundaries
vanish.
The parameter € is determined by the following relation:
4h
€= .
2v/2tanh~1(0.9)
The value of € used in our equation follows a classical choice commonly employed in the
classical AC equation [27]. The chosen ¢ does not come from a specific derivation or carry
additional physical meaning in our setting. It is selected simply because it is a commonly

used value in the classical AC literature, which helps us interpret the our equation without
introducing unnecessary complexity.

3. NUMERICAL SIMULATIONS

This study focuses on observing key phase-field phenomena, including Ostwald ripening
and the boundedness of the order parameter, within the numerical implementation of the AC
equation. First, simulating Ostwald ripening is crucial because it validates the model’s ability
to accurately describe the evolution of non-uniform structures and phase coarsening. This pro-
cess demonstrates the system’s thermodynamic tendency to reduce total surface energy, where
smaller particles with higher curvature dissolve and transfer material to larger particles. Suc-
cessfully reproducing this phenomenon confirms that the model correctly captures the physical
shift in size distribution as the average particle size increases over time.

Next, we see that boundedness of the order parameter. In classical AC equation, the order
parameter is expected to remain in the interval [—1, 1] to preserve physical meaning within a
binary phase model and to remain compatible with the assumptions underlying the Ginzburg—
Landau energy. Such a bound is also used analytically when employing maximum-principle
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Figure 2: (a) shows the domain on which 6, is defined. The parameter #; varies continuously
from 0.75 to 0.95, and among the resulting concentric isosurfaces, only the levels 0.78, 0.82,
and 0.86 are displayed. (b) presents the cross-sectional view obtained by slicing the unit-cube
domain in (a) at z = 0.5, illustrating the function 61 (z,y, 0.5).

arguments, proving well-posedness, or showing that diffuse interfaces converge to motion by
mean curvature in the sharp-interface limit.

In our equation, however, the thermodynamically derived governing equation is used without
any rescaling. As a result, the solution is not normalized, and it is not required to stay between
—1 and 1. The classical boundedness condition is therefore unnecessary in our setting, and
deviations from that range do not introduce inconsistencies or violate the structure of our free-
energy form.

For all three cases, the simulations are initialized with the identical order parameter ¢. While
the parameter ¢, varies for each case, we employ the same initial condition to ensure a direct
comparison of the phase-field evolution. In addition, we set the initial values of ¢ to lie within
the interval [—1, 1]. We perform numerical simulations for three cases depending on 6;: (i) a
variable range of 0.75 < 67 < 0.95, (ii) a wider variable range of 0.75 < 6; < 0.97, and
(iii) a constant value of §; = 0.85. The difference in the upper bound between the first and
second variable cases is 0.02. For the numerical parameters, we choose a time step size of
At = 0.125R%.

Figure 2(a) illustrates the spatial distribution of the temperature parameter ¢, within the cu-
bic domain, displaying concentric isosurfaces at values of 0.78, 0.82, and 0.86. This snapshot
demonstrates the domain-dependent nature of the free energy, where the parameter varies radi-
ally from the center. Figure 2(b) depicts the corresponding surface profile of 6, highlighting
the smooth, continuous gradient of the temperature field across the cross-section z = 0.5.
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3.1. Ostwald ripening. Ostwald ripening is a phenomenon observed in solid or liquid solu-
tions, describing how a non-uniform structure changes over time. It refers to the process where
smaller particles or droplets gradually dissolve, and the dissolved material is transferred and
deposited onto larger ones. This occurs because smaller particles, which have a higher curva-
ture, are more soluble than larger particles with a lower curvature. As time passes, molecules
from the smaller particles move through the surrounding medium and attach to the surfaces of
larger particles. Since the system naturally tends to reduce its total surface energy, the smaller
particles keep shrinking and may eventually disappear, while the larger particles grow. As a
result, the average particle size increases, and the overall size distribution shifts toward larger
values.

Figure 3: 0.75 < 6; < 0.95. (a) T' = 0, (b) T' = 120000 x At, (c) T' = 400000 x At and (d)
T = 1560000 x At.

As we can see the Figure 3 in this simulation with a domain-dependent 6, the coarsening
effect characteristic of phase-field models is clearly observed. As time progresses, the phases
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gradually coalesce, and the system eventually converges to a trivial solution in the form of a
planar interface.

Figure 3(a) presents the three-dimensional initial condition generated in the domain 2 =
[0,1] x [0,1] x [0, 1] using a random-structured field distribution. Starting from a disordered
state with random noise, the order parameter forms a spatially entangled interface structure as
shown by the blue isosurface at ¢ = 0. This topology exhibits a bicontinuous, sponge-like
morphology where the two phases are intimately mutually connected. Such a structure serves
as an ideal test bed for observing phase-field dynamics, as the system is poised to undergo
surface energy minimization, leading to the rapid smoothing of interfaces and the subsequent

Ostwald ripening process.
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Figure 4: 0.75 < 6; < 0.97. (a) T = 0, (b) T = 120000 x At, (c) T' = 400000 x At and (d)
T = 1560000 x At.

Figure 4, compared to the first case, the second simulation has a maximum ¢; value that
differs by a relatively small margin of 0.02. Although both cases share the identical initial
condition for ¢ and the same concentric isosurface structure for 61, they differ merely by this
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magnitude. Remarkably, this slight numerical deviation leads to a distinct topological change
in the final state of the simulation, as seen in Fig. 4(d).
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Figure 5: 1 = 0.85. (a) T' = 0, (b) T' = 120000 x At, (c) T" = 400000 x At and (d)
T = 1560000 x At.

The third simulation in Fig. 5 corresponds to the conventional AC equation where 6 is
held constant. Although it shares the identical initial condition with the previous two cases, it
exhibits distinct differences in topological changes during its evolution.

The blue, red, and yellow surfaces in Fig. 6 correspond to the first, second, and third cases,
respectively. The light gray surface represents the isosurface where 6; = 0.85.

3.2. Boundedness of an order parameter. In the AC equation, the order parameter repre-
sents two distinct phases and is typically associated with the minima of a double-well potential
located at —1 and +1. For this reason, it is important that the solution remain within the in-
terval [—1,1]]. Values outside this range would have no clear physical interpretation in the
binary-phase setting and would break the assumptions built into the model. This restriction
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Figure 6: Overlapped results of the final evolution for the three cases. The results are displayed
from different viewpoints: (a) is observed from z = 0,y = 1, and (b) fromx = 1,y = 1.

also serves an essential mathematical purpose: it allows the use of maximum-principle argu-
ments, stabilizes the nonlinear terms arising from the potential, and is frequently required in
analyses concerning existence, uniqueness, and regularity of solutions.

Staying within [—1, 1] is equally significant for the energy structure of the equation. The
Ginzburg-Landau energy is shaped around wells at =1, and solutions that remain in this inter-
val correctly follow the intended energy landscape, staying near the wells except within thin
transition layers. This property is also crucial in the sharp-interface limit ¢ — 0; only when the
solution stays inside the physical range do the transition layers converge to interfaces moving
by mean curvature in the standard way.

From a computational perspective, keeping numerical solutions inside [—1, 1] helps avoid
nonphysical oscillations and greatly improves stability. Many effective numerical schemes
therefore incorporate techniques that preserve this range at the discrete level, leading to more
reliable long-time simulations and more accurate representation of metastable patterns. In
summary, requiring the solution to stay in [—1, 1] is vital for physical interpretation, analytical
arguments, asymptotic behavior, and numerical robustness.

In all three cases, small phase bulks shrink rapidly over time, while relatively larger ones
diminish at a much slower rate. This disparity leads to fluctuations in the maximum and mini-
mum values of the order parameter, as seen in Fig. 7. Nevertheless, the theoretical bounds are
strictly preserved throughout the process.

4. CONCLUSION

In this study, we have presented a comprehensive numerical investigation of the Allen—Cahn
equation characterized by a domain-dependent free energy functional. By adopting a quartic
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Figure 7: (a) 0.75 < 07 < 0.95, (b) 0.75 < 61 < 0.97, (c) 8 = 0.75 and (d) The overlapped
graphs demonstrate the boundedness of the order parameter.

polynomial potential to approximate the logarithmic free energy, we established a model that
effectively captures the thermodynamic features of phase separation while maintaining analyt-
ical tractability.

The primary objective was to analyze the morphological evolution of the phase field un-
der spatially varying temperature parameters, 6, and to verify the physical and mathematical
consistency of the numerical scheme.Our three-dimensional simulations yielded several signif-
icant insights into the dynamics of the phase-field model. First, we successfully demonstrated
the phenomenon of Ostwald ripening within the domain-dependent evolutions. The simula-
tion results clearly showed the dissolution of smaller phase bulks with higher curvature and
the consequent growth of larger domains, validating the system’s thermodynamic tendency to
minimize total surface energy and eventually converge to a trivial planar interface.

Second, we confirmed the boundedness of the order parameter, a critical requirement for
both physical interpretation and numerical stability. Despite the rapid shrinking of small bulks
causing fluctuations in the extrema, the solution remained strictly preserved within the phys-
ically admissible interval of [—1,1] throughout the evolution. This preservation is essential
for satisfying the maximum principle and ensuring the energy consistency of the Ginzburg-
Landau functional. Most notably, the comparative analysis of three distinct scenarios revealed
the high sensitivity of the topological evolution to the spatial distribution of the temperature
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parameter. Although the simulations were initialized with identical order parameter configura-
tions and shared the same concentric isosurface structures for 6, a marginal difference of 0.02
in the maximum value of the variable parameter resulted in distinctly different final topologi-
cal states. This finding highlights that even subtle variations in domain-dependent parameters
can induce significant divergence in microstructural formation compared to the conventional
constant-parameter model. In conclusion, this work verifies that the proposed numerical frame-
work is robust and capable of simulating complex phase-field dynamics, offering valuable in-
sights into the impact of non-uniform energy potentials on material evolution.
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